By converting the MAXSAT problem to Walsh polynomials, we can efficiently and exactly compute the hyperplane averages of fixed order k. We use this fact to construct initial solutions based on variable configurations that maximize the sampling of hyperplanes with good average evaluations. The Walsh coefficients can also be used to implement a constant time neighborhood update which is integral to a fast next descent local search for MAXSAT (and for all bounded pseudo-Boolean optimization problems.) We evaluate the effect of initializing local search with hyperplane averages on both the first local optima found by the search and the final solutions found after a fixed number of bit flips. Hyperplane initialization not only provides better evaluations, but also finds local optima closer to the globally optimal solution in fewer bit flips than search initialized with random solutions. A next descent search initialized with hyperplane averages is able to outperform several state-of-the art stochastic local search algorithms on both random and industrial instances of MAXSAT.
INTRODUCTION
The early theoretical analysis of genetic algorithms emphasized the potential for populations to explicitly estimate hyperplane averages and to use this information to guide search [9, 7] . While this line of research has been criticized [17] , a similar idea is at the foundation of estimation of distribution algorithms: information about the interaction between variables can be used to guide search [14, 8] .
Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. To copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee. GECCO '13 For all k-bounded pseudo-Boolean optimization (PBO) problems, we can convert the evaluation functions into a polynomial form in O(n) time. This allows us to quickly and exactly compute low order hyperplane averages. We can then explicitly determine which combination of variable assignments will lead to the highest overall combined hyperplane average. By using this information to initialize search we achieve two results: 1) search starts at a solution that must be better than average, reducing the number of steps needed to reach a local optimum, and 2) the initial solution is in a region of the search space that is also better than average relative to other regions. Thus, not only is the initial solution better than average, solutions that are nearby in Hamming space must also be better than average.
A wide range of important optimization problems are naturally expressed as k-bounded PBO problems. In computing, this includes hardware verification, combinatorial auctions, design debugging, software testing and graph coloring [13] as well as classic NP-hard problems such as MAXSAT, vertex cover, maximum cut, and maximum independent set [1] . In biology, NK-landscapes have been developed as a general model for interacting sets of components (alleles, proteins, amino-acids) with applications in RNAfolding [19, 18] and the study of viruses [5] . In physics, Ising spin glasses correspond to PBO problems [4] .
In this paper, we focus on MAXSAT for three reasons. First, local search algorithms for MAXSAT have been widely studied for more than 20 years. Thus, improving local search algorithms for MAXSAT is very challenging. Second, there are many well studied and widely available benchmark problems as well as real world problems that have been reduced to MAXSAT problems. Third, other methods for initializing search have been studied for MAXSAT. In particular, other researchers have attempted to identify "backbone variables" as a way to initialize search [26] .
We show how the Walsh transform can be used to efficiently calculate the hyperplane averages of MAXSAT instances and then describe a method of using these averages to construct a solution. This method consistently produces solutions with better evaluations than those constructed with a uniform random distribution, the standard practice for local search algorithms. We conjecture that this method also finds solutions closer to the backbone. We empirically test this conjecture on random instances of MAX-3SAT and find that our hyperplane construction algorithm sets variables in the backbone to their correct assignments in the majority of cases.
The calculation of hyperplane averages requires Walsh coefficients; we show how the coefficients can also be used to implement a constant time neighborhood update in local search. We use this update to develop a constant time next descent local search algorithm. This algorithm helps assess the effect of hyperplane initial-ization on two factors: the first local optimum encountered and the final solution after n bit flips.
We find that the first local optima found by next descent search when initialized with hyperplane averages have better evaluations than those found by randomly initialized search. These results are consistent across both real world and random instances of MAXSAT. Furthermore, the first local optima are found more quickly and are closer to an optimal solution on an industrial MAXSAT problem.
To assess the longer term impact of the initialization, the algorithms are run for n bit flips, well past the first local optimum. Again, the solutions found by hyperplane initialized search are always significantly better than those found by randomly initialized search. When our Walsh-based next descent search algorithm is initialized with hyperplane averages, it outperforms several stateof-the-art stochastic local search algorithms for MAXSAT.
Finally, the speedup induced by exploiting Walsh coefficients is greater for industrial problems, as opposed to randomly generated problems. Industrial problems tend to have a very high rate of co-occurring variables due to the algorithms used to convert general satisfiability expressions into CNF-SAT. These co-occurrences translate into overlapping Walsh coefficients and more compact Walsh polynomials, which translates into faster updates per move.
THEORETICAL FOUNDATIONS
n → R can be decomposed into an orthogonal basis
where wi is a real-valued weight known as a Walsh coefficient and ψi is a Walsh function. The index i and vector x can be represented as binary strings, and standard binary operations can be applied. The Walsh function
The MAXSAT objective function is given by
where each subfunction fj corresponds to a clause and maskj selects the bits used by fj . Since MAXSAT is a linear combination of subfunctions, we can apply the Walsh transform to each clause: We assume the Walsh coefficients and their signs have been computed for some initial solution x and will use b to index all of the Walsh coefficients in vector w (x). Let p ⊆ b denote that every bit in string p that has value 1 must also have value 1 in string b. For the moment, assume p has only one bit set to value 1, and all others are 0. We can then compute the sum of all of the Walsh coefficients that are affected when local search flips bit p.
The Walsh function, bitcount(i ∧ x), counts how many 1-bits are in the bit string produced by the logical operation i ∧ x. If the bit flip in string x does not interact with a bit in string i, it has no impact on Walsh coefficient contribution ψi(x)wi. If the bit flip in x does interact with a bit in string i, it flips the sign generated by ψi(x) since bitcount changes by exactly 1.
To exploit this idea, the vector w will store the Walsh coefficients; this will include the sign relative to the current solution x.
We next accumulate all of the Walsh coefficients that include a single bit p.
When a flip occurs, only k Walsh coefficients per clause change. For example (indexing from right to left), assume the current solution (clause assignment) is x = 000 and we flip one bit such that x1 = 001 then:
The indices 1, 3, and 7 act as bit masks that select variables. This leads to Lemma 1.
Lemma 1.
Let function N (x) generate the set of neighbors of solution x. Let yp ∈ N (x) be the neighbor of string x generated by flipping
Whitley and Chen provide a detailed proof [25] . Assume bit p is flipped; we must update sums in S that include Walsh coefficients that are jointly indexed by p. Let b represent a bit string such that w b is a nonzero Walsh coefficient.
The vector w (x) must also be updated. The sign is flipped for those coefficients affected by flipping bit p.
For each clause that is affected, when 1 bit flips, there are k − 1 other sums in S that must be updated. Assume kc clauses are affected: then there are at most kc(k − 1) updates to sums in S for each bit flip. If bit p is flipped we must also update Sp(yp) = −S(x). This yields a total of kc(k − 1) + 1 updates to vector S.
Whitley [24] translates this special case result into an O(1) bound on the average case computation. Whitley and Chen extend that result to cover NK-landscapes [25] . This proof depends on holding bits that appear in a large number of clauses tabu after they are flipped to amortize cost; this can be particularly important on industrial MAXSAT problems.
If an element of S does not change, the bit flip cannot yield a new improving move. Therefore we can identify any new improving move in O(1) time. For next descent, we simply maintain a list of improving moves. As improving moves are created or destroyed by updates to the vector S, the list is updated as well. Then, we can select any improving move randomly from the list.
Note that if Sj (x) is negative, then flipping bit j must yield an improving move. Thus, Sj(x) can be used as a proxy for f (yj ) because f (x) is constant as j is varied.
The detailed proof of O(1) complexity per move is an amortized average case result [25] , which is beyond the scope of the current paper. However, if every bit is flipped exactly once, the number of updates to w is at most ck2 k−2 . As a special case, when k = 3 we obtain ck(k − 1) = ck2 k−2 = 6c which is independent of number of variables or clauses.
Compact Walsh Polynomials for MAXSAT
In the general case, the Walsh polynomials associated with random Boolean functions are exponentially large. However, this ignores the fact that most evaluation functions are decomposable.
There are two ways to obtain MAXSAT problems: they can be randomly generated, or they can be produced by reducing another problem to a MAXSAT problem. Assume we wish to reduce the following Boolean satisfiability problem (from Cormen et al. 2001 ) into a MAX-3SAT problem.
This would be converted to a binary "parse" tree (which might double the number of variables). An intermediate form is then produced which "and's" together expressions over triples of variables of the form y1 ⇐⇒ y2 ∧ ¬x2.
To be more concise, assume we just want to convert the Boolean expression x2 ∧ ¬x3 to MAX-3SAT and we use the intermediate form x1 ⇐⇒ x2 ∧¬x3 where x1 is an introduced variable. Using a truth table (see Cormen et al. 2001 ) to extract the DNF formulas and then applying DeMorgan's laws to obtain the CNF formulas yields the following literal clauses.
This reduction yields four clauses that reference exactly the same three variables. It is simple to prove by enumeration of cases that all "if and only if" expressions over three variables will yield exactly four literal clauses unless the expression reduces to a simpler form.
Why is this important? If four clauses share exactly the same variables x1, x2 and x3 then the Walsh coefficients w1,2, w2,3, w1,3 and w1,2,3 will capture all of the nonlinear interactions from all four clauses simultaneously using just these four numbers. This, in effect, compresses the representation back to a size that reflects the underlying intermediate form.
Large uniform random MAXSAT problems have surprisingly few duplicate nonlinear interactions. The maximum number of nonlinear terms in MAX-3SAT is four. Randomly generated MAXSAT problems with 100,000 variables typically have 3.999 unique Walsh coefficients per clause; this number approaches 4.0 as n increases.
We analyzed 14 large industrial problems with variable k from the MAXSAT 2012 challenge (http://maxsat.ia.udl.cat/); the problems range in size from 247,943 to 2,766,036 variables. As shown in Table 1 Real world industrial problems have fewer Walsh coefficients on average than random MAX-3SAT problems. As the update cost during search is a function of the number of Walsh coefficients, the update cost for industrial MAXSAT problems will be much faster than updates on uniform random problems.
Computing Hyperplane Averages
The search space of a MAXSAT instance with n variables and m clauses corresponds to a n-dimensional hypercube. If we 'fix' the truth values of j variables to 1 or 0, the search space is reduced to a (n − j)-dimensional hyperplane.
The Walsh coefficients can be used to efficiently compute the average evaluation of solutions contained in any (n − j)-dimensional hyperplane [16] [6] . Let h denote a (n−j) dimensional hyperplane where j variables have preassigned bit values. Let α(h) be a mask with 1 bits marking the locations where the j variables appear in the problem encoding, and 0 bits elsewhere. Let solution x assign values to the j variables. Let β(h) = α(h) ∧ x. This means β(h) has value 0 in all of the positions where the j bits do not appear, and has the assigned values of the relevant j bits in the appropriate bit locations. Then the average fitness of hyperplane h is
where favg = wo is the average over the entire MAXSAT search space, i.e. favg = (2 k − 1)/(2 k ) * m. Although we can find the averages of any number of hyperplanes using this method, for the current study we compute the averages of the 2 k m hyperplanes that exactly correspond to the m clauses. For example, in a MAX-3SAT problem, there are seven assignments that can make a clause true. For each of these assignments, we can compute the hyperplane averages: this tells us how, on average, this assignment will impact the evaluation function over the remainder of the search space. Note that we only need to compute the hyperplane averages once. Thus, we not only have local information (whether the assignment makes a clause true or not), we also have global information about how the assignment affects the rest of the search space. The computational complexity to do this is O(n) assuming m = cn and c is a constant.
HYPERPLANE VOTING
We now describe a method of exploiting hyperplane averages to construct solutions to MAX-SAT that we call hyperplane voting. While we use MAX-3SAT to describe the method, hyperplane voting can be applied to any MAX-SAT problem.
In MAX-3SAT, given a clause vi containing the variables p, q, and r, there are eight possible assignments of these variables: 000, 001, 010, 011, 100, 101, 110, and 111. We compute the averages of the eight hyperplanes formed by fixing p, q and r to each of these partial assignments and leaving the remaining variables free. This process is repeated for each clause in the instance. Thus we compute eight hyperplane averages for each clause for a total of 8m hyperplane averages. We then use the hyperplane with the best average from each clause to calculate a probability distribution over all n variables as follows.
Let vi = {p, q, r} be the three variables in clause i. Let Ai : vi → {0, 1} be the partial assignment of the variables in clause i that correspond to the hyperplane with the highest average for clause vi. Let truej count the number of times that variable j is set to 1 across all partial assignments A and let totalj count the total number of times that variable j appears across all clauses (assignments):
where (1 ⊕ Ai(j)) = 1 when Ai(j) = 0. We define the following probability distribution over truth assignments based on the hyperplane voting:
Solutions are then constructed by generating a random value in the range of (0, 1) for each variable. If the random value generated for variable j is greater than P (j = 1), j is set to 1, otherwise j is set to 0. We generated uniform random MAX-3SAT instances with n = 1000 and c/v varying from 1-15. 100 solutions were constructed using each of hyperplane voting and uniform random initialization. Figure 1 shows the mean unsatisfied clauses of the initial solutions constructed for each instance. Hyperplane voting significantly decreases the number of unsatisfied clauses in the initial tour.
Estimating Backbone Variables
We are aware of only two other initialization methods for MAXSAT that are able to improve over a uniform random solution, due to Zhang et al. [26] and Qasem et. al [15] . In both of these cases, local search must first be run multiple times with a uniform random initialization to construct a set of local optima. The frequency of assignments for each bit found in the set of local optima are then used to initialize subsequent runs of local search. It is hypothesized that these frequencies can provide a good estimation of the backbone, a subset of variables that are consistently assigned either true or false across all global optima [26, 15] .
We conjecture that hyperplane voting is also able to produce a good estimate of the backbone. To determine how well our probability distribution estimates the backbone, we found the backbone to 10 randomly generated MAX-3SAT instances with n = 20 and m = 85 by enumerating the search space to find all optimal solutions. We then generated the probability distribution for initializing variables for each of these instances using the hyperplane voting method described above. Figure 2 depicts the probability of assigning a backbone variable the correct truth assignment using hyperplane voting. Any point over .5 denotes a bias towards correctly assigning a variable to the backbone. We counted the number of correct assignments based on hyperplane voting on all instances and found that hyperplane voting biases the initial assignment towards the backbone in 121 of the 163 backbone variables found across these 10 instances. We can consider the probability distribution found by hyperplane voting as a prediction of the backbone variable assignments. The mean absolute error of these predictions against the correct assignments of the backbone variables averaged 0.27 with a standard deviation of .08 across the 10 instances. Hyperplane voting provides a remarkably good estimation of the backbone variables considering that no prior sampling of the space is required.
INITIALIZING LOCAL SEARCH
Hyperplane voting can improve the initial solution and provide an estimation of the backbone variables on random instances of MAX-3SAT, but how do the solutions produced by hyperplane voting influence subsequent search? We investigate the effect of hy-perplane voting on two factors: the first local optimum encountered and the final solution after n bit flips. In these experiments, we have two sets of benchmark problems: random and industrial instances.
Random Instances
We generated random MAX-3SAT problems by assigning three variables to each of m clauses from n variables with equal probability. To examine the effect of problem size, we chose n =500,000, 1,000,000, 1,500,000 and 2,000,000. The number of clauses was set to m = 4.27n as this is the standard value used in many SAT and MAXSAT studies [10] . The bottom rows in Table 2 show the exact n and m values of these problems as well as the mean evaluation of 50 solutions constructed by hyperplane voting and random initialization.
Industrial Benchmarks
To address the effectiveness on application problems, we selected a subset of the 52 industrial instances from the MAXSAT 2012 challenge. The number of variables (n) and number of clauses (m) are shown in the top rows of Table 2 . These problems were used in a circuit-board testing method utilizing MAXSAT solvers [2, 20] . These problems therefore represent circuits converted to a Boolean formula in conjunctive normal form as previously described. 
Effect on Local Optima
Does initializing local search with hyperplane voting improve the solutions found? We use the fast Walsh update to the S vector to implement a next descent search algorithm (see Algorithm 1) which we call WalshSAT-N (N=Next Improving Moves). If at least one improving move exists, it will be taken. If no improving moves exist, an equal move is taken; otherwise a random move is made.
We first examine the effect of initialization on the first local optimum found. We ran WalshSAT-N on both sets of instances until a local optimum was found. (When the improving move buffer is empty, the search halted, and steps 9-16 are not executed.) We ran two versions of WalshSAT-N: hyperplane voting and uniform random initialization for step 2. Each was executed in 50 trials recording both the evaluations of the local optima found and the number of bit flips required to reach a local optimum. The means and standard deviations of evaluations are shown in Table 3 ; the means and standard deviations of the number of bit flips to a local optimum are shown in Table 4 . Welch paired T-tests confirm that the local optima found by hyperplane initialized search are significantly better than those found by randomly initialized search (p < .000001 in all tests).
Not only are the local optima found by hyperplane initialized search better than those found by random initialized search, but they are also found in less bit flips. Thus the initial solutions constructed by hyperplane voting are closer to better local optima than random solutions.
Although hyperplane initialization finds better solutions in less bit flips, this could be detrimental to the overall search if the local optima are further away from a globally optimal solution. Is hyperplane initialization guiding the search closer to globally optimal solutions or away from them? To answer this question, we calculated the Hamming distance of the local optima found by hyperplane initialized search to a known globally optimal solution on the i2c-25 industrial instance. The Hamming distances and the evaluation differences are shown in Figure 3 for instance i2c-25. The local optima found by hyperplane initialized search are closer to the global optima than those found by random initialized search. Thus, in this case hyperplane initialization does lead the search to better parts of the space.
Effect on Longer Runs
Of course stochastic local search algorithms are typically run beyond the first local optimum. To evaluate the effect of hyperplane voting on longer runs, we ran both our hyperplane and random initialized WalshSAT-N for n bit flips, where n is the number of variables in the instance. We did 50 runs per instance and recorded the evaluation of the final solution found by each run. To determine how well WalshSAT-N is doing relative to other algorithms, we also ran several algorithms from the UBCSAT search package [23] : GSAT, IRoTS, and AdaptG2WSAT.
GSAT [21] was chosen as it is a well-studied algorithm for SAT and MAXSAT that is very similar to our Walsh-based next descent. The main difference is that GSAT always takes the move that results Select j with uniform probability from ImprovingMoves. 8 else 9
i fEqualMoves = ∅ then 10
Select j with uniform probability from EqualMoves.
else 12
Select j with uniform probability from all possible moves.
13
Flip bit j in x. 14 Update S(x), ImprovingMoves and EqualMoves.
if j ∈ ImprovingMoves then 16
Remove j From ImprovingMoves Initialization Table 4 : Mean and standard deviations of the number of bit flips to a local optimum by next descent search using both random and hyperplane initialization. The p-values from t-tests comparing the means of the two methods were < 1 × 10 −100 .
in the best change to the evaluation, whether it be improving or disimproving. Like GSAT, our Walsh-based next descent will take an improving move if one exists, otherwise it will take an equal move and in the last case it will select a disimproving move. Unlike GSAT, our algorithm randomly selects from each of these cases and is not guaranteed to always take the best move. IRoTS, or Iterated Robust Tabu Search [22] , was chosen as it was the best performing incomplete solver in the MAXSAT 2012 competition. It will always take the move that satisfies the largest number of unsatisfied clauses with respect to the current solution, given that the move is not Tabu. IRoTS also incorporates a perturbation stage if a new best improving move has not been found for some number of bit flips. AdaptG2WSAT [12] was chosen as it has been shown to be the best performing algorithm in UBCSAT on industrial instances [11] . It has performed exceptionally well in several SAT competitions [12] . AdaptG2WSAT works in two phases. The first phase is a steepest descent search that lasts until a local optimum is reached. The second phase uses a heuristic based on the Novelty family of algorithms to choose the bit to flip, although the steepest descent search is invoked if improving moves are found.
We ran the UBCSAT algorithms, using the default parameters, for the same number of bit flips and runs as WalshSAT-N. The mean and standard deviations of the final solutions are shown in Table 5 .
As our Walsh-based search algorithm is very similar to GSAT, we expected that it would find similar quality solutions when initialized with random solutions and that it would outperform GSAT when initialized with hyperplane voting. Table 5 confirms this. Surprisingly, we see that our simple Walsh-based next descent method outperforms both IRoTS and AdaptG2WSAT when initialized with hyperplane voting. This result highlights the power of hyperplane initialization: our search algorithm is able to outperform more sophisticated stochastic local search algorithms when leveraging hyperplane information.
The last issue is cost: how much time is required to execute n bit flips by each of the tested algorithms? Table 6 shows means and standard deviations of the time in seconds of each of the 10 runs for each algorithm in the right-hand columns. The left column of Table 6 times shows the initialization time required to Walsh coefficients and hyperplane averages. The median time required to compute the coefficients on industrial instances is 4.06 seconds. Not only does hyperplane initialized WalshSAT-N find better solutions in most cases, but it is generally faster than the algorithms in UBCSAT, in some cases by an order of magnitude or more.
Furthermore, there is the hidden cost of converting industrial problems, such as the circuit board debugging problems used here, from their original SAT formulation to CNF-SAT. The Walsh coefficients can be more efficiently computed from the intermediate form than from the CNF-SAT form, making it unnecessary to convert to CNF-SAT. Table 5 : Means and standard deviations of evaluations of solutions found after n bit flips by several algorithms. Our Walsh based algorithm (left two columns) was initialized using hyperplane averages (HP) and random solutions (RND).
It should also be noted that a fast descent search with constant time updates could also be applied to the UBCSAT algorithms to make them faster during the first phase. However, the second phase still accounts for the vast majority of these runs. Although it is likely possible to further optimize the second stage, it would require a non-trivial amount of engineering to optimize the algorithms and it is not clear if this could be accomplished without significantly changing their behavior.
CONCLUSIONS
We have investigated the use of hyperplane averages as a means to initialize stochastic local search for MAXSAT. This method uses configurations of variables that correspond to hyperplanes with good averages to construct a probability distribution over all variables.
Solutions constructed by hyperplane initialization have better evaluations than those found by randomly assigning solutions. For small enumerable instances, these initial solutions were shown to have variable assignments consistent with the correct assignment for backbone variables in the majority of cases.
We evaluated the use of hyperplane initialization on local search on both industrial and random instances of MAXSAT. We examined two factors of the search: the first local optimum encountered by the search and the final solution after n bit flips.
We found that the first local optima found by next descent search when initialized by hyperplane averages had better evaluations than those found by search initialized with random solutions. Furthermore, the hyperplane initialized search required less bit flips to find the first local optimum. Comparing the Hamming distance of local optima to a globally optimal solution on industrial instances, we found that search initialized with hyperplane averages found local optima closer to the global optimum.
Finally, we ran our search using both initializations on the instances along with several algorithms from UBCSAT. WalshSAT-N with hyperplane initialization consistently found better solutions than search initialized with random solutions. Surprisingly WalshSAT-N was able to outperform the UBCSAT algorithms in the vast majority of cases. This includes AdaptG2WSAT which was shown to be the best performing algorithm in UBCSAT on industrial instances [11] . WalshSAT-N was also much faster than these algorithms, but this is largely due to the use of next-improving moves instead of greedy best-improving moves used by AdaptG2WSAT and GSAT.
This work has demonstrated the effectiveness of using hyperplane averages to initialize the search. Although our results are on MAXSAT, this method can be applied to any pseudo-boolean function, such as NK-landscapes or spin glass problems. Our future work will explore other methods of guiding local search based on the variable interaction information contained within the Walsh coefficients.
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